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I.   ABSTRACT 
» 

A system is proposed and analyzed for optically combining the 
bearing information fr«m a vide-aperture distribution of narrow-aperture 
Wa-tson-Watt dual-channel direction finders in such a way as to use the 
enveiop-a of a series of ellipses to resolve the directions of arrival of 
two or more radio waves having the same  frequency. 

Photographs find diagrams ere given illustrating a laboratory 
model of a distribution of seven Watson-Watt systems. Photographs of 
the bearing information from this system illustrate the effects of 
varying system diameter, ti>se phase difference, relative magnitude, and 
angular separation with two incoming waves. The photographs are dis- 
cussed as to r,he merits o,f various bearing reading techniques. 

It is demonstrated that seven Watson-Watt units, circularly 
distributed and connected so as to have optically superimposed bearing 
indications, can form a system capable of completely resolving the 
directions of arrival of two signals under a majority of conditions. It 
is further shown that with a sufficient number of Watson-Watt units, the 
directions of arrival of more  than two incoming signals  can be  reduced. 

-1- 
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II. INTRODUCTION 

One of trie objectives of the ra.iio direction finding research 
progrim at the University of Illinois has been the investigation of 
wide-aperture radio direction finding systems which have potentialities 
toward overcoming the bearing errors caused by wave interference effects 
resulting from the presence of several rather than one arriving wave. 

One of the most promising general techniques for synthesizing 
wide-aperture systems lies in the combination of bearing information 
from a limited space distribution of narrow-aperture systems. Practical 
considerations suggest that wide-aperture systems using existing radio 
direction finders be thoroughly investigated. The space distribution 
must be wide aperture in the sense of being distributed over several 
wavelengths, yet limited to the extent that each system must give the 
same bearing under ideal conditions (as opposed to wide base systems 
used to obtain a bearing fix.) The letters WADONAS will be used to 
designate such a Wide-Aperture Distribution Of Narrow-Aperture Systems 
in this report. 

There are, at least, two general techniques for utilizing the 
bearing information from a WADONAS. The first technique is combining 
the bearing information electrically in such a way that the combined 
signal (or signals) is capable of giving a sort of average bearing on an 
indicator. Several possible techniques for accomplishing this combina 
tion and bearing presentation are discussed in Technical Report No. 9 of 
of this project, Section V c. 

The second combination technique is an optical combination or 
superposition. The bearings of the individual direction finders are 
superimposed (optically) in such a way as to obtain a better degree of 
bearing resolution than any single «y«»-em would normally offer. Selec- 
ting the strongest bearing or ar> 'eye average* of the strongest bearings 
(in effect a diversity technique) is one method of optical'combination'. 
A more refined technique is to use the envelope of the bearing presenta 
tions and this is the scheme with which this report is concerned. 

The individual systems making up the WADONAS are dual-channel 
cathode-ray or Watson-Watt systems. Since these systems are instan 
taneous in their operation, the WADONAS is also. Hence, such a WADONAS 
is ideally suited for direction finding on flash ('squash*) transmis 
sions. In order to better explain the principles underlying the use of 
the combination technique explained in Section V, the basic principles 
and equations underlying the operating of a single Watson Watt direction 
finder are reviewed in Section TV. 

Since in multipath sky-wave transmission the incoming signals 
will be arriving from nearly the same horizontal angle, much of the data 
in this report was obtained for the conditions of 5° and 10° azimurhal 
separation between signals which are important practical cases. 

-9. 
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III. LIST OF SYMBOLS 

h relative magnitude of the weaker of two incoming signals 
compared to the stronger. 

<p- time phase difference between two interfering signals .-it 
the center of a composite system. 

cpn time phase difference between two interfering signals at the 
center of the nth Watson-Watt direction finder making up a 
distributed system. 

a angle of arrival of the strongest wave measured counter- 
clockwise from the x axis. 

•?• angle of arrival of an interfering signal measured count 
er clockwise from che direction of arrival of the desired 
signal. 

e„ voltage induced La  the nth Adcock antenna. 

ex differential antenna voltage, east-west antennas. 

e differential antenna voltage, north-south antennas. 

dx x deflection on oscilloscope screen. 

d y deflection on oscilloscope screen. 

Z = dx
+j dy  oscilloscope deflection as a complex number. 

0 indication error for a Watson-Watt system with two incom 
ing waves. 

\|> shift in time phase difference between time phase differ 
ence at the center of a distributed system and time phase 
difference <pn at the center of a unit system. 

\|/max absolute maximum of u for any position on a circle of the 
unit system. 

Vm polar angle between a unit system and a direction of 
arrival of a signal. 

A sizing factor for oscilloscope trace.  Includes electric 
field strength at antennas, complex amplifier gain, etc. 

K equal to ^ . 
A 

Bn bearing nth signal measured clockwise from north. 

X wavelength of the radio frequency signal, 

r radius of circular WAPONAS 



IV"    WATSON-WATT RDF UNDER  SIGNAL  CONDITIONS 

A.    Effect of Field Caused by One Signal 
Figure   l  depicts   the  geometry   involyeu   m   this   discussion. 

Assume  a wave  propagating in  the -y'  direction  and given  by 

E  = £„, sin (wt+ky'). (1) 

Assume that the Adcock ar.tsnna masts placed at points 1, 2, 3, and 4 are 
electrically identical and so have equal pickup factors. Assume that 
the maximum value of the field strength, Em, is the same at all these 

points and is equal to that at point 0.  Then, one can write 

et   = e0 sin (ut + r K cos a) (2) 

e«   = eQ sin (ut-r K cos a) (3} 

e3 = e0 sin [ut+r K cos (^ -a)] (4) 

e4 = eQ sin [ut-r K cos (5. -a)] (5) 

where e0 sin d)t is the voltage which would be present at an antenna at 
point 0, the center of the array. Let the antennas be differentially 
connected to produce 

ex - e,-e2 (6) 
and 

ev = es-e4. (7) 
Then 

and similar.lv 

Since 

V 

ev  =  e0 ein(ut+  r K cos  0)  -e0  sin(ut-  r K cos a) 

= 2e0  sin(r K cos  a)  cos  out (8) 

eY  = 2ea  sin   [r K cos(?- -a»j   cos  ut 

=  2eQ sin   (r K sin a)  cos  ut. (9) 

CD 

sin(r K cos a)  = 2    2    (-1> J«_+1 (rK) cos(2n+l)a (10) 
n = fl 4,1*     i. 

where 
jm(rK) - igjl d- -IxKlL • -   JLriUl (ID 

2
m
m!     2(2m+2)   2 4(2m+2)(2m+4) 

For (rK) small with respect to a wav«I.ngth one can approximate 

sin(rK cos a)   = rK cos a (12) 
and by the same license 

sin(rK sin a) ^ rK sin a. (13) 
It is then nearly true that 

cx = 2e0 rK cos a cos ut (14) 

^-y = 2e0 rK sin a cos ut. (15) 

If ex and ey are amplifiec and applied to the x and y plates, 

respectively, of an oscilloscope, the deflection of the beam from the 
center is given by 

dx = Kx e0 rK cos a cos ut (16) 

d  = Ky e0 rK sin a cos ut. 
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Complex notation affords a convenient, way to express the above, If a 
one-to-on* correspondence between points on the oscilloscope face and 
points in the complex Z plane be set up, one has, allowing dx = X and 
dy - y 

Z = X •jY = KxecrK cos a cos wt• jK*e0rK sin <* cos ut.    (IS 

Adjust K^ = Ky so that 

Then 

u / 

^x max = ^y max  A- K^) 

Z - A (cos a  + j sin a) cos ut 
i« --  A eJ  cos ut. (20) 

It is clearly seen that the oscilloscope trace is represented in the Z 
plane by a straight line inclined at an angle cs frcrs the positive X axis. 
The system, therefore, indicates the direction from whence the signal 
came. The inclusion of frequency conversion in the amplifier is useful 
to change the value of u without affecting any other feature of tne 
scheme. 

B. Effect of Field Produced by Two Signals 
Tn Fig. 2 is shown the Adcock antenna system in the presence 

of two waves arriving from arbitrary directions.  Wave 1 is given by 

Ea = Em sin <ut+ky') (21) 
and Wave 2 by 

E2 = h Em  sin (ut+Ky'+V ) . (22) 

Suppose that Ex   is the signal whose bearing is desired and F2 is ai 
interfering signal such that 0 - h - 1. 

As the electric fields linearly superpose themselves, the 
differential antenna voltades become 

ex = 2e0rK cos a cos ut + 2h e0rK cos(a+3)cos(ut+cp)     (23) 

ey = 2e0rK sin a cos ut + 2h e0rK sin(a+£)cos(ut« <p)      (24) 

Again let the signals be amplified an<3 dx m8  be adjusted 

equal tq.dy max-  The position of the beam of the oscilloscope is then 

described by 

Z • X + jY 

• A  {cos a cos  ut + h eos(s+8)  cos(ut+<p)  +j [sin a  cos wt+h sin(«+B) 
ii \ 

ja j(a+0) cos(ut+cp)] / 
= A[e      cos ut+h e cos(ut+q>)J . /^c) 

Consider  now   the   simplest   case,   that   is,   when  <p   =   0.     Then 
(25) becomes :a i(a+8) 

Z = A(eJ  • h e3K     P')   cos ut. (26) 

The trace is again a straight line but it is inclined at an angle 
differing from the desired angle a by ?.n error angle 9e, as shown in 
Fig. 3.  Also from Fig. 3, it is seen that 

i 

- 

; -6- 



FIGURE    3 

j£   Ja 
(lth«  )<      - Z, 

FIGURE    4 

J/9 J«   JO»t 
(I + he )*     < 

^DIRECTION    Of   ROTATION 
OF    Z 

j£    Ja   -Jwt 

X DIRECTION   OF   ROTATION 
OF    Zo 

A 

FIGURE   5 

ww^aaam^.smm 



In the genera] case where h, <p, and fl do not vanish, the trace 
described by equation (25) is that of an ellipse. The proof of this is 
given in Appendix A, 

In order to permit easy interpretation of equation (25), it 
can be rearranged as follows: 

* .  r Jtt .   j(a+P)    ,     v-i Z - A [eJ   com  *»t+h eJ    cos(«t+<?)] 

. A [«JVwt+ rM) • h ej<
a+^'(e

j(wfc+<p)* rj(ut+q,))] 

| . A [(€J«t h €J(«
+^)> ci^(eJa+ h ,3 («•?-»), 6-

jUt] 

| = |ej« [1+h eJ(^), >* +n+h «J <*-*>, r
j«] 

| - Z\  €
jUt + Z, TjWt (28) 

Zl - A eJ° (i+h t
J(P+<P)) 

where 

[ Z2 =A/(l,h^), 
The locus of Z can now be determined in terms of vectors Zj 

and Z2, each of which are dependent on h, 0, and <p, and which rotate in 
opposite directions at the same constant rate.  Figures 4, 5, and 6 show 
the construction of the Z locus for the case of <r = 0.  In this case, of 
course, Zt = Z2 and the locus of Z is a straight line. 

This method of construction to obtain the Z locus is now 
applied to the case where <p f 0. In this, the general case, the shape 
is not easily visualized from equation (25) but is readily interpreted 
by "»in» (28). Figure 7 shows that the effect of q> f 0 on Z\ and Z2 is 
to make Z\f Z-> in which case the iocus of Z becomes elliptic as shown in 
Fig. 8. The indicated direction of arrival is read as the inclination 
of the major axis of the ellipse. This indicated bearing is seen to 
differ from the true bearing a by the error angle 9e.  The derivation of 

this error angle i& presented in Appendix B. 
Figures £ amd 10 illustrate the indication: resulting from two 

signals of equal magnitude arriving at angles 2S° apart with a tir.:e 
phase difference between the twp ai 180°. It is seer, to be a straight 
line at right angles to the bisector of the angle between the signals. 
This is a "worst case" drawn to> illustrate the runious effect of certain 
ranges of cp on the indicator accuracy. 

C. The Envelope of the Loci of Z. 
It has been shown in the foregoing discussion that for each 

combination of the parameters a, (3, <p, and h, the Z locus is an ellipse 
or a straight line (degenerate ellipse). Referring to Fig.11 and 
considering equation (25) 

•Z = A [eJ  cos uit+h £J    cos(ut + cp)] (25) 

-8- 
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it is possible to determine the possible -slues of Z in order to estab 
lists the shape of the envelope.  At a time when u>t r 0, <P   n/2»     The 

id 
first term  e  cos ut, positions the oscilloscope beam at the point A 

;(a+3) 
and the second term, eJ      cos (ut + cp) has no effect.  Let <p vary 

• toward zero.  The variation of the second term moves L  over to point B. 
Now let ut increase positively and <j> vary toward negative values so that 
j(a+8) 

t      cos (ut+q>) stiuUins its maximum positive value  then Z trav 
erses the line BC.  At C, ut - n and <p = -K.     By letting <p vary toward 
zero and holding Wt constant, Z traverses the line CE.  At E ut = n and 

j(ar3) 
cp : rc.  Let ut increase positive!** and <p  vary so that e      cos (ut+<p) 
maintains its maximum negative value, then Z traverses the line EF.  At 
F, Wt = 2t and f = it.  Let <p vary toward zero, holding ut constant.  At 
ut -" 2t, <p   n/2 and Z is again at A.  This parallelogram shaped path 
represents the maximum values that Z can have.  The parallel sides EF 
and CB lie at an angle a equal to the angle of arrival of Wave 1  while 
the parallel sides £C and FB lie at an angle <x + (3 which is the angle of 
arrival of Wave 2.  The ratio of length of the shorter to the longer 
side is equal to h*  For any fixed value of the parameters, a  (3. qp  and 
h, Z varies only as a function of ut and described an elliptic path 
lying within and tangent at its extremes to the parallelogram shown. 

In Appendix C is presented an extension cf the above argument 
to cases in which more than one interfering signal is present. 

: 
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V. WIDE APERTURE DISTRIBUTION OF NARROW APERTURE 
WATSON-WATT SYSTEMS 

In section IV it was shown that the envelope of the elliptical 
oacilloscopic patterns for a single. Watson Watt system with two incoming 
signals present is a parallelogram (when all parameters except the time 
phase between the two signals remain constant and this time phase 
parameter varies over all possible values.) The sides of the paralielo 
gr«n> are parallel to the directions of arrival of the two incoming 
signals and the lengths of the sides are proportional to the strengths 
of the two incoming signals. Thus, the directions of arrival can be 
completely resolved if the time phase parameter can be made to vary. 

One promising technique for obtaining variations in the time 
phase parameter is to distribute a number of identicel Watson Watt 
systems over a region in the interference field which is reasonably 
large in terms of wavelengths. In a well designed distribution the 
time phase difference between the two signals would then vary apprecia 
bly from system to system, as shown in Appendix C, and these time phase 
differences should be reasonable evenly space from 0° to 180°. Conse 
quently, the ellipses indicating the bearing for each system should 
represent sufficiently divergent inclinations of all possible ellipses 
resulting from all possible time phase differences. These ellipses 
could then be optically superimposed either on the face of a multi beam 
oscilloscope tube or on an optical screen, using separate oscilloscope 
tubes and mirror reflector techniques to give the super position. 
Figure 12 gives a schematic diagram of such a scheme. If the systems 
(including the superposition scheme) have all been adjusted to give 
identical operation, then the envelope resulting from the ellipses of 
the distributed systems must be exactly the same parallelogram as for a 
single system with a varying time phase parameter. Furthermore the 
envelope is determined instantaneously, assuming that there are enough 
ellipses sufficiently dispersed ovev the possible positions* 

This technique for resolving the direction of arrival of two 
interfering signals can be extended to three or more interfering signals. 
It is shown in Appendix C that for three incoming signals the envelope 
of the ellipses is a six-sided polygon with opposite sides parallel and 
equal to each other.  The pairs of parallel sides are parallel  respec 
tively, to the directions of arrival, of the signals they represent  and 
have lengths proportional to the relative magnitude of these signals. 
Thus  it is seen that the six sided parallelogram completely resolves 
the three signals exactly as does the quadrilateral parallelogram for 
two signals.  The theory can be extended to n incoming signals repre 
sented by a polygonal envelope with 2n sides. 

For the case of two signals it is possible le determine by eye 
the approximate tangents to the family of ellipses, however, for greater 
accuracy an electronic parallelogram-cursor is described which would not 
only trace the actual envelope but also permit it to be adjusted tangent 
to the ellipses for two incoming signals.. Plate (1) contains photo 
graphs illustrating the seven ellipses that result from a particular 
(typical) condition of two interfering signals at each of a series of 
seven Watson Watt direction finders evenly spaced about the periphery of 
a cir^ls 5 wavelengths in diameter.  The relative magnitude between the 
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two signals is unity, the bearings of the signals are 45° and 35 , and 
the time phase difference between the signals at the center of the 
composite system is 37.S>°. Photo 1 illustrates the. seven equally spaced 
systems. Photo 4 illustrates how the ellipses corresponding to each 
3ystem would appear before *>uper-position. Note that at son.e locations 
in the interference field, such as at the location of the systems 1, 2 
and 3 time phase difference is nearly 180°. The electromagnetic field 
is nearly canceled, and the antenna pickup and magnitude of bearing 
indication are extremely small. Even if the indicated bearing (major 
axis of the ellipse) can be determined, it is apt to be badly in error. 
There ii» no means of insuring that such a situation cannot occur under 
normal sky-wave propagation conditions if only one Watson Watt system 
is utilized. 

Photo 5 illustrates how these same ellipses would appear if 
superimposed, and Photo 6 show* fche parallelogram envelope drawn tangent 
to the ellipses by th<s electronic cursor. Note that the sides of the 
parallelogram are at angles 45° Sitd 35°. Photo 2 shows that in the case 
of only one signal (arriving at 35°V» the ellipses of all seven systems 
become straight lines pointing in the direction of arrival of this 
signal. Photo 3 shows th« c««e of only the other signal arriving at 45°. 

if it is equally probable that a signal arrive from any 
direction, then a circular distribution of symmetrically disposed unit 
systems would probably give the best average operation. If, however, 
the majority of the signals were expected to arrive from a particular 
sector, then some other distribution such as a linear or semicircular 
distribution would give optimum performance; i.e., it would assure a 
maximum number of ellipses of widely varied inclinations for the number 
of unit systems employed. 

Froui the photo it appears that, in the case of two arriving 
signals at least, the ellipses from seven systems equally distributed 
about a circular periphery are adequate to determine the parallelogram 
shaped envelope.- SectionVII contains a set of photos illustrating 
these superimposed ellipses with and without parallelogram shaped 
envelopes, generated electronically, for what is felt to be typical 
values of the various parameters. All photos represent s«vt>i> systems 
evenly spaced on circles ranging from one to ten wavelengths in diameter. 
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VI.  SIMULATION  OF  WADONAS  OF WATSON-WATTS WITH THE 
RDF ANALYZER  AND EIGHT-BEAM OSCILLOSCOPE 

Fourteen channels (see Fig, 13) of the RDF anaiyzer were u*ed 
to secure the x and y oscilloscope plate deflection voltages needed for 
•<ever heaios of th.~ eight bess oscilloscope. Each ol-r.rr* supplied the 
difference volt«ge corresponding to thac whicJi a differentially connect- 
ed Adcvvk 6«tenna pair would produce (see Fig. 14').' The eighth beam of 
the oscilloscope was connected to an electronic cursor, which produces a 
parallelogram whose sides are adjustable both in length and inclination. 
In use, the cursor parallelogram is superposed upon the collection of 
seven ellipses given by the system anxl its size and shape is adjusted so 
that the ellipses are enclosed within and tangent to it. The angles of 
arrival and relative magnitudes af the two signals present are then 
easily resolved either from the cursor dials or from the oscilloscope 
scale. A schematic of the cursor circuit is given in Fig. 15. From it 
one sees  that 

ex « E cos a sin ut + h E cos(a+8)sin(w+Ati))t (29) 

e    « E sin a sin wt+ h E sin(a+p)siii(w+Aw)t (30) 

where a and  a + (3  are   the   rotation angles  of  synchros  No.   1  and No.   2. 
respectively,   from  their  reference  axes.     Aw is   a  small  deviation  from 
w.     ex  and ey  from  the  cursor are supplied  to the amplifier of beam 8 of 
the oscilloscope. Adjustment of the potentiometers and the synchros 
allows the parallelogram to be adjusted so that it will fit over the 
ellipses. 

The phase differences of the arrays simulated were calculated 
for the different cases presented and set up on the 14 channels of the 
analyzer used  for ellipse presentation. 
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VI I. CATHODE-RAY INDICATOR PHOTOGRAPHS FOR 
A SIMULATED WADONAS 

Plate I illustrates the pake-up of a WADONAS indicator and is 
described in Section V. 

Plates II through V consist of bearing indications with the 
some range of time phase value*, cp, for two signal* having a relative 
magnitude of unity and a separation of 5°. Since each plate is for a 
different aperture, this series shows the variation in indications as 
a function of D, the system aperture. 

The aeries of Plates Vl through VIII, IX through XI, end XII 
through XIV consist of photos for a system of D = 5^ (considered a 
useful medium aperture). 

Plates VI through VIII show indications for the same range of 
values for h - 03, 0.7, and 1. The two arriving signals are separated 
by 5°. 

Platen IX through XI are similar to Plates VI through VIII, 
but, the two arriving signals are separated by 10°, 

Plates XII through XIV are similar to plates VI through VIII, 
but the two arriving signals are separated by 25°. 

Plate XV shows the same set of conditions used in Plates II 
through V but in this case the relative time phase, qp, is made to vary 
continously through all possible valuer. Each photo is for a different 
aperture, as labeled. 

Plate XVI shows the use of an electronic cursor as an aid in 
the resolution of the parallelogram shaped envelope produced by two 
arriving signals.* The cursor is of greatest use when the number of unit 
systems employed is small. 

Plate XVII is a photograph of the RDF analyzer, together with 
the eight-beam oscilloscope used in the WADONAS simulation. 

Figure 16 is a diagrammatic sketch based on Plate XVII 
designating the components of the analyzer. 
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VIII. DISCUSSION  OF  PHOTOGRAPHS  AND 
BEARING READING  TECHNIQUES 

An examination of the photographs of Section VII shows that, 
in general, the parallelogram shaped envelope and hence, the hearings 
of both arriving signals, can be fairly accurately determined. The 
technique of constructing an actual envelop© with the aid of the elec 
tronic parallelogram cursor described ir. Appendix K ia seen to be of 
considerable value in improving the accuracy of th« deteiraiination. 

Under favorable conditions, the parallelogram shaped envelope 
is seen to give far more bearing information than a 'diversity' reading 
technique where the bearing is read from the longest ellipse correspond 
ing to the strongest signal. However, if more than two incoming signals 
are present, the parallelogram shaped envelope becomes a polygonal 
envelope with i\ number of parallel sides equal to twice the number of 
incoming signals. Each pair of sides is parallel to the direction of 
arrival of the particular incoming signal it represents and is of a 
length proportional to the strength of this signal. With only a re 
stricted number of ellipses (for example, less than eight) it would be 
difficult or impossible to resolve the polygonal envelope for a large 
number of incoming signals (for example, more than four). Excessive 
noise or heavy modulation would complicate the problem still more. For 
such cases it might be advisable to split the polygon (or pattern) 
along its major diagonal and estimate the best bearing by eye if the 
direction of the longest side cannot be resolved. This would give about 
the same results as a diversity technique, either takir.g the bearing 
from the largest ellipse or by splitting the bearing between two large 
ellipses of equal size. With any of these techniques the guaranteed 
maximum bearing error for the WADONAS is far less than chat for a single 
system. 

Another special case needing consideration is that for two 
incoming signals of equ»l or nearly equal strength. Such cases would be 
almost certain to occur only when the angul»r separation is small (less 
than 20°). ss they would result from split path (multipath) ionospheric 
transmission conditions. These conditions are the ones resulting in the 
worst errors - approaching 90° - for a single system. It can be seen 
from the photos that the bearing error for the WADONAS is not likely to 
exceed the angular separation. These is however some question as to 
which of any two equally large signals is the true bearing. Probably 
the be»t statistical approximation to the true bearing with only rela 
tive magnitude information available would be obtained by taking the 
angle half way between the arrival directions of two signals of equal 
strength. Hence the best reading technique for the WADONAS would be to 
take   the  major  diagonal  of  the  parallelogram shaped  envelope. 

Similarly,    in  the   case   of  incoming  signals   having   large 
relative  magnitude   (0„5  to  0,9).   where  the angular  separation  is  small, 
(and  split path transmission  is  indicated),   the  best  bearing might  be in 
between  the  bearings  of  the stronger and weaker signals     but  closer  to 
the stronger signai bearing than the weaker.     Again such  an  intermediate 
bearing with exactly  these  characteristics  is  given by the major  diag 
nal  of  the  parallelogram.     For  intermediate  values  of  relative  magni 
tudes   (0,3  to  0  7),   with  split  path  transmission,   whether  or  not  the 
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longer side or the diagonal would give the best bearing cannot be 
answered with present day statistical information on propagation con 
dit.ions.  Other information, such as the relative time of arrival of the^ 
signsia, might be more pertinent than relative magnitude considerations. 
If the angular separation is large and/or back-scatter or sxte reradia 
tiL'R is indicated, then the longer side of the parallelogram would 
definitely give the best bearing. 

• 

Rs'e'onces   (3!   and    ',4; 
-41- 

tp&tvsw^ MBK:?*^X^ —!•»• J. WJW«. mmvm^-m HBMqq 



IX.   OPTIMUM  APERTURES  AND  WIDE-BAND  OPERATION 

The photographs of Section VII give an indication of the 
minimum and maximum apertures which seem advisable to use, and, hence, 
give an indication of the range of possible operating frequencies for a 
WADQNAS. plate II clearly shows that for small angular separations 
(8 = 5°) and the time phase <p " 180°, a system of 1 X diameter is not 
large enough to give a large ellipse or an adequate bearing. Even two 
wavelengths diameter (Plate III, <p = 180°) is not too satisfactory, 
although it is a considerable improvement over one wavelength, and a 
tremendous improvement o»«r a single system with (3 = 5° and <p = 130°= 
Thus, it is seen that the lower limit for system diameter is determined 
by the necessity of producing ellipses with cpn as  far  removed  from the <p 
at  the  center as  possible.     As  in nearly all wide-aperture  systems     the 
required aperture will  be  a  function of the angular  separation,   increa3 
ir.g as  the  angular separation decreases.     More  particularly    in order   to 
produce  a   range  of  <j>n   s  deviating  at   most   by  wmax   from  the   central   <p 
it  is  required  that  the  diameter  of  the  system  (D)   be  at   least 

D -       V*x wavelengths. (30) 
360 sin & 

This  value  is  obtained  as  shown  in  the   following discussion. 
It is  shown  in Appendix D that 

q>!    -   <p - R cos  T2   +  R cos  r\ (31) 
where R is the electrical radius in degrees.  The time phase difference 
deviation from the center time phase difference, <p, will be called y. 

V  « R (cos rs - cos r\). (32) 
From Figure Dl 

i i  - 1 a  + P (OO) 

so that substituting equation (33) into (32) gives 

V • R tcos T2 - cos (Ts + p)l. (34) 

Differentiate with respect to Ps and set the derivative equal to ZZTO  to 
determine the maximum variation of \y, Vmax

m     This gives 

& = R [sin (ra • 3) - sin r9] (35) 
Ol 2 

from which 
sin (P2 + H) = sin P- . (36) 

Solutions ol* this equation are 

r2 • 90° - | ; 270° - | 

which represent the maxima; the minima are not significant, as the 
quantity of interest is the absolute range of phase difference variation 
either positive or negative.  The maximum variation in the time phase 
difference will be found at a unit system position such tlmt a line 
joining the unit system to the composite system center is perpendicular 
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to the bisector of the angi? between the signals, i.e., P* = 90° - |. 

When T2 = 90° - & then, this maximum phase difference deviation ymax is 

*mx  = B [co3 r- " cos (ra + 8)] 

- i\  [cos (90° - |) -cos (90° + |)] 

So that 

2R sin | 

D - 2B • IM5^ in degrees 
sin # 

(37) 

% _ma^ ,i.—_ in wavelengths. 
360 s-n & 

2 

(30) 

Thus,    for   an  angular  separation  of  R   *   5°,   a  diameter   of 
about   1.9 wavelengths  is   required   for  rmax   '  30s.     For  3   -   1°.   a diame 
ter  of 9.4 wavelengths  i.'j  required   for the  same  value of Vmaif. 

Although  a   very  small   value   of  *Pmax   would   theoretically 
produce  at   least  two  ellipses  adequate   to determine  the  parallelogram 
envelope,   examination of Plate  III shows   that  it  is sometimes difficult 
to determine  the envelope with Vmax   less   than 30°   (D '•'•  1\   for  8       5°). 
For Vmax  '"   15°  (D   =  0,95A   for  8  =  5°)   it becomes difficult even  to  form 
a  general  concept of  the  correct  bearing if q>  =  180°. 

r'or excessively large apertures, a similar limit is imposed. 
V'hen the aperture becomes large, the possibilities for the <p variations 
being nearly equal or differing by multiples of 360° are greatly in 
creased. This tendency is roughly illustrated by Plete IV q> " 0" where 
D = 5X, and all of the ellipses except one are ne^Iy coincident. At 
5 and IGA no conditions of exact coincidence were located as the photos 
show. If all were nearly equal awd <fr • 180°, then small ellipses and 
bad errorB cculd result exactly •• lor the narrow aperture systems. In 
the wide aperture case however, these effects would be more apt to 
occur with wide angles of separation where large relative magnitudes 
would not be as  prevalent. 

Thus     the   lower   limits  on  the  system aperture  would  be  ex 
pected   to  be   more   critical   than   the  upper   limits     and   it  would   be 
advisable  to  keep the diameter  above,,   at   least,   2X    extending  it  to  as 
much as  20X.   if necessary. 

A 20 to 2 wavelength range would mean that the system could be 
operated over a 10 to 1 frequency range (say 2 to 20 megacycles). This 
indicates that the useful bandwidth of the WAD0NA3 is at least as good 
as that of the small aperture units currently available with which it 
would be constructed. 

• 

Anottwir  aay   of   arriving   «t   th!s   conclusion   results   fro.n  an   examination   jf   th*     f*te   In.tiK 
field-       (Reference   1) ,n 
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X.   CONCLUSIONS 

It is concluded that seven Watson-Watt RDF units circularly 
distributed and connected ?o as to have optically superimposed bearing 
indications can form a system capable of completely resolving the 
directions of errival of two signals under a majority of conditions. 
The distributed system is as ne«rly instantaneous as the units forming 
it. Under any conditions, the system is superior to diversity type of 
interconnections or a single Watson-Watt unit, especially in the case of 
flash transmissions. It is estimated that a 5X aperture is roughly 
optimum, but that satisfactory operation over a range of 2 to 20^> is 
possible. It is further demonstrated that a system exposed of a 
sufficient number of unit systems is theoretically capable of yielding 
the directions of arrival and relative magnitudes of any number vi 
incoming *igi«ais. Finally it is to be noted that this system is equally 
capable of handling modulated signals inasmuch as the Watson Watt unite 
of which it is compoaeH do not break down un-Jer conditions of modulated 
signal  reception. 

i 

• 
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APPENDIX  A 

PROOF OF THE  ELLIPTIC  Z  LOCUS 

Equation  (23> gives the  locus of Z. 

Z - A  [eJ cos ut+heJ cos(«t+<p)L 

Transforming this equation gives 
Z = A{(cos ct+j  sin a)cos wt+h [cos(a+3) + j ^in(a+p)] cos(uit+'p)} 

(25) 

= A{[cos a cos ut+h cos(a+P)cos(ut+<p)] +j [sin a cos at 
+ h !sin(a+f3)cos((i)t+q>)3 }. 

(AD 
The X  and Y coordinates  of £ are  given  as  parametric   functions  of u)t: 

A 

X = cos s cos st + h cos(<x*3)  cos(wtxp) (A2) 
Y " sin a cos wt + h sin(-2+3)  cos(wt+<p). (A3) 

Let this be rearranged ap  follows 

X •   [cos <x+h cos(«+3)cos cp]cos wt>-h cos(a+S)sin <P sinut (M) 
Y =   [sin a+h sin(o>B)cos <p]cos wt-h sin(a+3)sin<j> sinwt. (A5) 

This  is of ths  form 
X -  k,   cos tot -  k2  sin wt (A6) 

Y = k, cos ut  - k* sin ut. (A7) 

Solving  for sin wt,   cos (nt 

SinU)t; 

!ks 
Ik, 

X 
V 

Ik,- 
Ik, 

"k8 

|X-k8j 
ksX+k^     •   Ao. Y-kJ       ~k«X+k»Y 

(A8)     eoswt = 
"~K^ k4"*"k2 K; lkt-k.1        *ik*+k9k, 

|k2-k4 

(A9) 

2 2 
Sine© sin yt f cos  at = 1 

,-^X^Y )%    -k.X+k>Y   ,M 1( 

-ktk^+kakg -kik4+k2k8 
(A10) 

Expanding and rearranging yields 

(k/+k8
2)2 X2 + (-2k2k«-2k1k3)XY+(ks

2+k1
2)2Ys-(-k,k4+k2k3)

2= 0. 

(All) 
This ot   the  form 

AXS+ BXY + CY2+ DX + EY + F = 0 (A12) 
which  is   the  standard equation of  the  general  conic  section.      In this 
case D = E  = 0.     The equation  represents an ellipse  if 3*-4AC <  0.     Set 

""      " (A13) 

(AH) 

(A15) 

(A16) 

(A17) 

Then 
B - 4AC = R. 

R =  (-2k2k*-2k1k9)
2-4(k4

2+ks
2)(k2

2+kl
2) 

S.      2 
<3 2k1k2k3k4 -  ki  k+     - k,  k 

4 
* 1 /^R = kik4  - k2ks 

Since kA,   k2,   k8,   arid k4 are each entirely real,   /-HR must  be  real,   so 
that R must  be negative.     Thua,   the  equation   (25)   always   represents 
an ellipse t, 
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APPENDIX  B 

INCLINATION  OF  THE   ELLIPSE  AND ERROR   ANGLE 

From analytic  geqrcftry,   it  is  known  that,   the   inclination  of 
the ellipse is  given by 6 where 

From Appendix A 

tan 20  =  -I^~ . 
A-C 

0.        -2k|k4-2kika 
tan 26 "  —re- 

inserting the values for the k's 
k<.   *ks     ki     R2 

(Bl) 

(B2) 

tan 26  = {• 
[cos  s} h cos(a+0)cos cp] [sin a+ h sin(a+3)cos cp] 

[h cos(a+0)  sin cp] [h sin(ct+3)   sin cp] } 
[cos a * !i cos(«+3)cos  cp]2  + [h cos(a+8)  sin cp] 

-[sin a+h sin(ct+£)cos  cp] 2  - [h sin(a+8)  sin  cp] 2 

2 J   [cos a sin a+h cos(a+3) cos cp sin cp C 
\    +hain(a+3)  cos <p cp* a. + li2  cos(o+3)  sin(a+6)]   J 

cos    a* 2h cos « cos -p cos(a+f3)  + h cos  (a+|3) 

-   sin    of- 2h sin 0  sin(a+3)  cos  cp- h2sin  (a+8) 

sin 2a+ 2h coa q) si-n(2>»*3). +  h2   sin 2(<x+0) 
=  '• '• ••»* • • • •   »—«—;- '•   • '«•—•    . • i. • . » ; . 

cos  2«+ 2h cos <j- cos(2a+0) + h2  cos 2(**0) 
(B3) 

Hence,   the  angle  of  inclination of  the major axis  of the  ellipse with 
r«sspect  to  the X axis  is given by 

8=1 tan"1     sin 2&£fa <ttMUWffttfg?,- t.V. sin 2L&+&1 .       (B4j 
2 cos 2cc+2h cos cp cos(2«+P)  + h2  cos 2(a+8) 

To  find   tile error angle  96,   which  is  the  angle  between  the  major  axis 

ui'  the  ellipse  and  the  direction  of  arrival  of Wave   1,   it   is  merely 
necessary to set a  =  0 in  the above  expression-     This  yields 

Ge • L tan"1 gJLsin-g-caa.-fl * h2^sin.JLg . (B5) 

i+2hcos  6 coscp + h2cos 23 

In Fig.   3   is  shown  the  construction   for 9e when cp  =  0.     This 

Siyes L     •     a 
-b_JIAILjL_ (R6) tan  6„   - •    - e       1   +  h cos  P 

To show that this is equivalent, to the expression just derived for 6e at 
cp - 0, rearrange equation (B5) and set cp = 0, then 

tan 2Be "       2h sin g • h2sin 2B 
1 + 2h cos 0 + h2cos 20 
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Now: 

U*.i»«: 

then 

tan 28e • 
2 tan 6e 

1 - tan*9e 

tan ^ =   H 8J10 B 
~e   1 + h cos 3 

tan2 9e •  hg »"'P 
(1 + h cos p) 

- . 2 

(1+h cos 3)2       (1+h cos B)2 

(B8) 

(B6) 

(B9) 

2 
l!?h cos 3+h cos2p 

(1+h cos B)2 

(BIO) 

and 

tan 26, 
2 tan 9 e = 

2h sin B 
1+h cos g 

l-tan26e  l+2h ,cos S+h2sin 2B 

(1+h cos B)'' 

=  2h sin B+hSsin 26 

l+2h cos B+h2sin 23 

ind the equivalence is shown. 

2h sin 3(1 + h cos 3) 

l+2h cos B+h2 sin 23 

(BID 
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APPENDIX  C 
DEVELOPMENT  Z  LOCUS   FOB  THREE  SIGNALS 

la Section IV, oqu#t$ioi* t2fr>ior the Z trace of thi Watson-Watt 
syatew for the o«*9 of on© inteirfojpi*r«g w»'*o ic derived'.. As the electric 
fields due to any number a I Bttiring wave* linearly aaperimpose them- 
selves at the antennas, the oonttribtrtinn of the field caused by each 
wave to an antenna differential voltage is of the  form 

ex   • 2hn e0r K cos(a+pn)cos(wt+<j>n) (CD 
where   hn>   3Rf   <pn>   are   the   relative  magnitudes,   deviations   in  arrival 
directions,   and  relative  time phasaa,   respectively,   of the nth wave,   all 
measured with respect  to Wave I.     The  trace of the oscilloscope beam due 
to n arriving waves  is  given  by 

i<x j(°(+Bi) T (c£+02) 
Z  » A. [e    cos wt+hiC cosfut+cPi ) + h2e" cos((ot+<p2 ) 

•   •••  +hn€j(a+3n)
Cos(Ut+q)n)] (C2) 

or 
Z  = A eJ<I  S„ hm  eJl%cos(ut+<pm), (C3) 

m=0 
where   h0   =   1. 

The indication resulting fronv the WADONAS due to more than one 
interfering signal Is readily visualized.  The envelope of the Z loci is 
a polygon having a pair of sides corresponding to each signal present, 
the lengths and the inclination of the pair of sides h^ing proportional 
to the relative magnitude and direction of arrival of that particular 
signal. 

An argument identical to that giver, earlier for the case of 
two vraves shows that for three waves, one has 

. r i<*       i(a+3i) i(a+32) t.  " A[eJ cos ut+hi£      cosCut+qij )+hfic      cos(yt+<p:)J   (C4J 

and the envelope of the loci is a six-sided figure, shown in Fig. Cl for 
the h3 s and (3's listed. Wave. \> is considered to be the desired wave and 
the other two might be due to extra-length path transmission. As in the 
case of two signals, one 7.8 again able to separate the components of the 
field strength both in magnitude and direction provided there is a 
distribution of narrow-aperture systems such as to produce a satisfac 
tory distribution of relative tisne phase values. 

Figure C2 is a photograph of the envelope of the Z loci for 
three signals. The photograph *»» nhr.ained on the antenna simulator for 
the particular case where wave 1 arrives from a bearing of +20° azimuth. 
Wave 2 bears 15° counter clockwise from wave 1 and has a relative 
amplitude of 0.9. Wave 3 bears 30° clockwise from wave I and has a 
relative amplitude of 0.7. The time phases of waves 2 and ? relative to 
wave 1 are varying. It is seen that the actual photograph bears out the 
three-signal theory stated above. 

The shape of the envelope of t'ae Z loci for more than three 
signals present follows by induction from the foregoing. 
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APPENDIX D 
DEVELOPMENT OF  <pn 

The explanation for the time phase difference between the 
desired and undesired signals varying from system to system when the 
systems are widely sepjarabed ea-n be seen from an examination of the 
interference field as pictured in Plwto 1 of Technical Report 4'. To 
obtain a more e^-act pict^e* $Q!t the case of t-wo systems at random 
lowatdon wdth respect: no- tm> - istoowtttg fcjgaate, exanrne Fig. Dl. Let the 
two systems be* o» tfee pariphety of * *i?r-W-of r*dius H in electrical 
degree* (corresponding to a-'psTti-c-'Jar ware length for the incoming 
signal*).. Let- the time phase dif£ens««ve between the signals at the 
center of this circle be <j», and 1st. qfc. and ?*• be the time phase differ 
3nce between the dsaired sad uiJtdssiTed signals at the center of unit 
systems (Watson Watts) \ and 2, respectively. Now let the field at the 
r»o»4er of the circle due to the desired signal  be 

E,n cos u)t (Dl) 

and the  field at the center of the cir<tv? due  to the undesired signal be 
E^, cos  (wt+«j>) (D2) 

Then, the field at the center of system i, resulting from the desired 
signal is _, _    _ % 

EJQ  cos (<«t<-R cos Vi) (D3) 

and the field at the center of system 1 resulting from the undesired 
is 

h E    cos(i.»t+q>- n cos P2) (D4) 

(D5^- 

Hence,   <Pi,   can be expressed as 

<Pi  = (<P.-R cos T2 + R cos r2). VL,D; 

Similarly, the field at the center of system 2 resulting from 
the desired signal is 

F_ cos((i!t- R cos T4) m (D6) 
and from the undesired signal is ' 

h Em cos(wt+q>.- R cos r3). (D7) 

Hence, <r2 can be expressed as 

<p2 = (Oi-n cos IV R cos P4); (D8) 

and  since   Pi,   Ps,   T*,   and  P4   are   generally   independent   for   randon 
locations of feystems  1  and 2,   <Pr is generally different   from <p2„ 

^ 
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FIGURE      01 

TIME PHASE  DIFFERENCE  AT JJIJE. CENTER-or ..A. I UNIT   SYSTEM   AS   A 
FUNCTION    OF   ITS    LOCATION   !\'   THE)   S«TERFfe^E«CZ     FIELD 

1 31 

-53- 
• 



UNCLASSIFIED 

UNCLASSIFIED 


	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0065

